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SMOOTHING GNSSTIME SERIESWITH ASYMMETRIC
SIMPLE MOVING AVERAGES
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Abstract: There is an increasing trend to apply GNSS contisumbservation of short base-
lines to the monitoring of engineering works, sashbridges and dams, for their structural
analysis and safety control. In the case of lamy@s] one important application of the GNSS
continuous observation is the establishment ofyeadrning systems that demand accurate,
frequently updated information and where the anglgéthe baseline time series, in order to
separate signal from noise is mandatory. The pay@sents a study on the performance of li-
near filters of the asymmetric moving average typesmooth baseline time series. The
transfer function of the filter is adopted as a sthimg criterion to choose an adequate order
for the moving average, in face of the spectralsigrfunction of the baseline time series.
One series of measurements of a short test bag8R%em), materialised in the campus of the
National Laboratory for Civil Engineering, is usaslan example of the proposed strategy.

1. INTRODUCTION

The continuous observation of short baseline vealefined by permanent GNSS stations has
been increasingly applied to the monitoring of eegring works, such as bridges, buildings

and dams, for structural analysis with safety adnpurposes. The sampling frequency and
the processing frequency of the phase observatist be adjusted to the type of work: the

monitoring of a bridge, due to the vibrations calibg the wind and vehicle loading, needs a
much higher processing frequency than the mongooina dam, unless seismic actions are to
be taken into account.

The use of GNSS permanent stations with continebgsrvation in warning systems of large
engineering works requires, on one hand, shortgsing intervals, and on the other hand,
real time high quality results. The asymmetricefift of the simple moving average type, that
act as low-pass filters, appear to be one solutidhe problem. The paper presents a study on
the properties of this type of filters, in partiaylon the performance of their gain and phase
shift functions.

The concepts are applied to a time series resuitomy the observation of a short (325m) test
baseline temporarily materialized in the campustlod National Laboratory for Civil
Engineering (NLCE), over three days. The obsermatwere carried out with two TOPCON
dual frequency GNSS receivers with choke-ring amerand processed with the PINNACLE
software. The measurements were carried out wishrmapling frequency of 0.2Hz and the
processing interval was five minutes.



eaS\)V\(\% 13th FIG Symposium on Deformation Measurement and Analysis
w %QS 4th IAG Symposium on Geodesy for Geotechnical and Structural Engineering
\\
cne

e LNEC, LISBON 2008 May 12-15

2. LINEAR FILTERS, GAIN AND PHASE SHIFT
A linear combination of the terms of a time sefp@sxy,...,%):

r
Yk = X WjXe+j (k=g+l..,n-r) (1)
J=—q
where the m (= q + r + 1) coefficients are called weights, is said to be a linear fitteorder
m. If g = r and w= wj, the filter is said to be symmetric. If the weiglsim up to one, the fil-
ter is called a weighted moving average. If theghts are equal and sum up to one, the filter
is called a simple moving average.

The application of a filter to a time series (thput time series (,...,%)) produces a new
time series (the output time series,Yy....,yn)). The spectral characteristics of the output
series are related to the spectral characteriefitee input series by means of the transfer
function of the filter. The transfer function iscemplex function with arguments in the
frequency domain. The modulus of the transfer fioncis called the gain of the filter. The
argument of the transfer function is called thegghshift of the filter.

If the gain of the filter, for a given angular fregpcy (), is greater than one, the filter
amplifies the input series in that frequency. Othse, if the gain of the filter, foruf), is
lesser than one, the filter softens the input senehat frequency.

Besides the change in amplitude the filter may alsoduce a phase shift on the output time
series depending on the frequency. Though the syraniidters do not introduce significant
phase shifts, the asymmetric ones do.

3. THEASYMMETRIC SIMPLE MOVING AVERAGES

The asymmetric simple moving averages (ASMA) ofeorch (= gq+1), which have constant
weights (w= m), may be expressed as:

yk=% > Xk+j (k=g+l..,n) (2)

The gain function of an ASMA filter of order m (=1) is:

2 2
g(w) -1 ( %cos( kw)} +[ gsin(ka))J (3)

MY (k=-q k=-q
Figure 1 presents the graphics of the gain fundborASMA filters of orders m = 6, 12, 24,
36 and 48. The (dimensionless) values of the gamstions are plotted against periods from
24h to Oh. The Figure shows that all these filtenes low-pass filters. The #&rder ASMA
filter begins to reduce the amplitudes at loweqg@encies, i. e., at higher periods, than the
36" order ASMA filter, and so on. Thé"@rder ASMA is the more permissive filter to high
frequencies, i. e., to low periods.
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Figure 1 — The gain function of ASMA filters of @d6, 12, 24, 36 and 48. The
periods, in the x-axis, are in hours. The gainshéy-axis, are dimensionless.

The phase-shift function of a filter originatesime delay ) in the output (filtered) time
series. The phase-shift of an ASMA filter of ordef= q+1) is:

0
> sn(kw)
_ k=—q
¢ w) =arctan 5 4)
> cos( k w)
k=—q
The time delay originated by the phase-shift iggiby:
T = 2 = £ p (5)

w 2
where p is the period.

Figure 2 presents the graphics of the phase-shifttion for ASMA filters of orders m = 6,
12, 24, 36 and 48. The values of the phase-shiittion are plotted for the frequencies
correspondent to periods between 24h and Oh. Toqed-shows that, for the same period, the
phase-shift increases with the order of the ASMi&ffi

According to the Figure 2, for a semi-diurnal wathe 8" order ASMA filter suffers a phase-
shift of 20°, which corresponds to a 40 minutesetidelay, and the 48order ASMA filter
suffers a phase shift of 180°, which corresponds &ohour delay. The time delay of a high
order ASMA filter may overcome the benefit of ita@othing properties.
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Figure 2 — The phase-shift of ASMA filters of ordgrl2, 24, 36 and 48. The periods,
in the x-axis, are in hours. The phase-shiftshe-axis, are in degrees.

4. THE PERIODOGRAM
Let x(t) to be a continuous real function definedhe time interval [0, T], which values:

X0 = X(tg ). =(t1),x2 = X(t2),....Xn = X(tn-1) (6)
are known (or measured) on n equally spaced ep@ghsuch that the (constant) sampling
interval At verifies:

(n-1)4t=T (7)
The function x(t) may be expanded in a finite Feusgeries in the time interval [0, T] (Schu-
reman, 1941):
r S .
K0)= T a cos{et) + L sin(ekt) 8)
=0 =0
where: i) r=n/2 and s =r — 1, if nis even;riiy s= (n — 1)/2, if n is odd. The angular
frequencies of the Fourier series (8) are:

1 2 r
=0,0) =27T=, ) = 27> ... .04 = 27—,
wy W nT W nT o nT (9)

The periodogram of the time series is the graphtb@spectral density function:

ok =y a2 +bZ (k=1...,n-1) (10)

plotted as a function of the periods & T/k). The maximum values of the periodogram (10)
are attained at the periods of order k with thetramgiificant amplitudes (abx, o).
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5. THE TEST BASELINE

A short baseline (325m), materialized temporartlyh@ campus of the NLCE, was observed
continuously over three days, beginning at Oh efftist day. The observations were carried
out, with a sampling frequency of 0.2Hz, using @l frequency GNSS receivers and cho-
ke-ring antennae from TOPCON. The carrier phasergbtons were processed with five mi-
nute intervals.

A time series of 863 baseline vectors was obtaiiied. Cartesian components (x, y, z) were
transformed to the topocentric components: Northt$¢N), East-West (E) and Up-Down
(U). The topocentricomponents measured in the first epoch were subtracted frontha
others, originating three new series of 862 toptta®oomponent changes (dN, dE, dU).

Fourier expansions in the interval [0, T = 3 days}e carried out for the two time series of
the topocentric component changes (dN and dE)rdleroto compute the spectral density
functions and draw the correspondent periodogr&imgsire 3 presents the periodogram of the
observed North-South component changes (dN) foogeibetween three days (72 hours) and
10 minutes (the Nyquist frequency). The Figure shtvat the most significant values are in
the range of the higher periods (lower frequencies)

0.7

06

05

04

03 |

s | l ||| I |
5 |IJ .

72 3 1 05 04 03 02

Figure 3 — Periodogram of the observed North-Saothponent chan-
ges (dN) time series. The periods, in the x-axis,jmhours (the scale is
not uniform). The amplitudes, in the y-axis, arerim.

The two time series of North-South (dN) and EassWWdE) component changes were pro-
cessed with a f2order ASMA filter. The two output time series (@Nand (df) were
expanded in a finite Fourier series in the samervial [0, T = 3days]. The resulting periodo-
gram for the (dh) time series is presented at the Figure 4. Thepepative analysis of the
periodograms of the Figures 3 and 4 shows the teffethe 13" order ASMA filter. The
higher frequencies (lower periods, bellow two hpursre almost annihilated by the filter.
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Figure 4 — Periodogram of the North-South comporéanges (dN) time
series, after filtering with a ¥2order ASMA. The periods, in the x-axis, are
in hours (the scale is not uniform). The amplitydeghe y-axis, are in mm.

To quantify the visual comparison of the Figuren8@ 4, the Table 1 presents the five highest
values of the spectral density functions (c) of diNeand dE time series (before filtering) as
well as the correspondent values of the spectmagitiefunctions (&) of the time series dN
and dE (after filtering) and the correspondent qusi(in hours). The table shows that the
amplitudes that correspond to the larger periondsane unchanged though the amplitudes that
correspond to the smaller periods are significargtuced.

Table 1 — Maximum values of the spectral densihcfion and the correspondent periods

dN dE
period C Ci2 period c Ci2
12.00 h 0.573 mm 0.565mm 12.00 h 0.327 mm 0.324 mm
24.00 h 0.499 mm 0.491 mm 00.75h 0.321 mm 0.070 mm
01.00 h 0.437 mm 0.007 mm 01.30h 0.296 mm 0.091 mm
03.00 h 0.395 mm 0.324 mm 02.00 h 0.265 mm 0.169 mm
00.92 h 0.389 mm 0.024 mm  00.56 h 0.262 mm 0.031 mm

According to the Table 1, in both cases of the dN #ne dE time series, the amplitude of the
dominant harmonic, which is a semi-diurnal harmpnsc not affected by the f2order
ASMA filter. In the case of the dN time series, #raplitude of the second dominant harmo-
nic, which is a diurnal harmonic, is not also afiéecby the filter.

6. SMOOTHING THE OBSERVED TIME SERIES

The spectral decomposition may be used to smoatoliserved time series (dN, dE, dU).
The Figure 4 presents the graphic of the obserd&l) {ime series and the graphic of its
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reconstruction with a composition of the four mergnificant frequencies: the semidiurnal,
the diurnal, etc. (see Table 1). The Figure alssenmts the result of the application of & 12
order ASMA filter to the observed (dN) time seri@squick look to the graphics shows that
the spectral composition reduces the variabilityhaf data roughly to #2 mm band, while
the 12" order ASMA filter has a slightly worse performarinehis domain.
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Figure 4 — Graphics of the observed North-South pmmment changes (dN) time
series, the spectral composition of the four mggtiicant frequencies and the time
series after filtering with a f2order ASMA. The periods, in the x-axis, are in
hours. The amplitudes, in the y-axis, are in mm.

The comparison of the graphic of the spectral casitipm to the graphic of the T2order
ASMA filtered series (Figure 4) shows differencastifiable by the criteria used in the defi-
nition of these two filters: i) The spectral compios uses the most significant frequencies,
whether they are high or low; ii) The ASMA filteas a low-pass filter, uses the low frequen-
cies, whether they are significant or not.

7. CONCLUSIONS

The 12" order ASMA filter is adequate to remove the higegfiencies and therefore is fit to
smooth the observed time series as a low-pass fiavever, the 12 ASMA filter has a sig-
nificant phase shift for the lower frequencies thay turn the symmetric filters a better
choice, for some applications.

The experiment presented in the paper is ratheethodological exercise: further experi-
ments over longer observation intervals, with ddfé sampling and processing frequencies
should be carried out and other kinds of filtersudti be experimented.
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