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Abstract: The paper presents geodetic application of R-esitima Proposed method
concerns estimation of differences between parameaté two functional models. Such
estimation seems very useful in many geodetic prob] e.g., when observations are
disturbed with gross errors or when differences tinaed are displacements of geodetic
network points. The paper presents general solitainR-estimation but it focuses special
attention on its geodetic applications. In parteulit concerns levelling networks. The
estimation method proposed here can be appliedeXample, to monitoring of reference
mark stability. The paper presents particular sotubf such problem, based on R-estimation
principle. Theoretical derivations and analysisidmstrated with some numerical examples.

1. Introduction

R-estimation is one of the fundamental way of rolmssimation, together with M-estimation
and L-estimation (Huber 1981). It is well know aoften applied in many scientific
researches, e.g., (Mukherjee and Bai 2001; Roussard Verboven 2002). The main idea of
R-estimation is to apply some statistical rank tesexample the Wilcoxon one (Huber 1981,
Feltovich 2003)0 estimate a shift between two samples. For exanfigm a geodetic point
of view those two samples can be interpreted asset® of geodetic measurement results or
results obtained in two different periods. Then shét between the samples can be regarded
as effect of geodetic point displacement or somemodom error of measurements. On the
other hand, R-estimation can be also regarded asstimation of differences between
parameters of two different, functional models. m&ogeodetic applications of R-estimators
were proposed in the paper (Duchnowski 2008).

R-estimation, due to its main principles, is robagtinst outliers and therefore can be an
alternative for other robust methods of adjustmerg,, methods of M-estimation class (e.qg.,
Huber 1981, Xu 1989, Yang 1994, Duchnowski 2005)bitness is an important property
of R-estimation but it is not the only advantagenofher one is possibility to apply that

estimation class to elimination of some non-rand@mors from observation sets

(Duchnowski 2008). Presented R-estimation properéied applications make the method
useful in solving of many geodetic problems. Thaipgr describes application of R-

estimation within a displacement measurement psod@articular solution concerns leveling

networks however their assumptions and principkes also be extended for other kinds of
geodetic networks.



eag\ﬂ-\(\% 13th FIG Symposium on Deformation Measurement and Analysis
v %QS 4th IAG Symposium on Geodesy for Geotechnical and Structural Engineering
cnat

e LNEC, LISBON 2008 May 12-15

Let us consider a leveling network establisheddeiormation or displacement monitoring.
Estimation of point heights that change in timemigst natural application of R-estimation.
Such estimation can be regarded as estimation @hers of two different, functional
models (models formulated for two different measwent periods). That application is
illustrated later on with the first numerical exdmplt is also well known that stability of
reference marks is essentially important in suadblems. Several methods were elaborated
to recognize stable reference framework, they aecrbed in many papers and books
(Prészyiski and Kwaniak 2006). However, those methods sometimes dail,, if a set of
measurement results is disturbed with a gross.€ftws it is advisable to have a chance to
compare results obtained from different method® present paper proposes a new method
of mark stability monitoring. That method is of cee based on specially modified R-
estimation. It is very important since its theardundations are different from the classical
ones (e.g., Huber 1981, Préagki and Kwadniak 2006, Duchnowski 2008). Another
advantage of the method is its robustness whichlitéaes monitoring of bench marks
stability even when an observation set is distusuid a gross error. The proposed method is
also illustrated with numerical example.

2. R-estimation

2.1. Theoretical foundation and basic solutions

Let two independent samplgg X, ..., % andyy, Vs, ..., ¥, be realizations of random variables
X and Y and leF(x) andG(y) = F(x - A) be distributions of X and Y, respectively. Thuatb
distributions differ from each other in a quant#itywhich can be regarded as a shift between
two samples. The main tusk of R-estimation is teeas the shifA. The following test
statistic can be formulated for such reason (H19&1)

_13
Sn,m _E;a(R) (1)

wherea(i) are somegiven scores an& is a rank ofx; in the joint sample (containing all
elements of two mentioned ones). Usage of a péatidunctiona(i) depends on the kind of
assumed rank test (Huber 1981; Feltovich 2003; jdaraand McKean 1997). The

R-estimation concept is to find such estimaiq(r of the shift A that makesS, . =0 (or less
strictly S, ,, =0 considering some properties &, €.g., discontinuity) i. e., to search for

such shift estimator that makes the test (1) unabldetect a difference in locations of two
mentioned samples (or to make it least able foh sletection).

Let us consider test (1). Scoms$) are usually generated using a functigt). For example
. [
a(i)=J| ——— 2
0 (m+ - +J ()

There are several other possibilities for sca@s also for the samé(t). They can be found
in, e. g., Huber (1981) or Narajdo and McKean {)9% the Wilcoxon test is assumed, i. e.,
if

—i-1
I =t-3 (3)
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then most often used functioa$i) lead to the same test statistic (Huber 1981). Aasg
such form of](t) function, the following R-estimator of the shitircbe formulated

AR =medy, - X;) (4)
wheremedo) is a median operator ardiki <m, 1< j <n (Huber 1981).

Basing on the same assumptions another usefuliRastcan be derived. Consider only one
samplexs, %, ..., % of the variable X. Now, let the expected valt(X) of X be estimated. To
solve the problem one can construct a “mirror imiagenple, i. e., B(X) - x3, 2E(X) - X,

..., 2E(X) - X,, which can stand in for the samplg y,, ..., ¥». Then the following estimate
(Huber 1981)

2 1
E"( =meq 5 (x +x)| ©)
(Isi<m+n,1< j<m+n) makesS,, =0 (or atleastS,  =0).

The R-estimates presented above are derived basitige test statistic in Eg.(1) and the)
function from EQq.(3). They can be regarded as soamgants of the Hodges-Lehmann
estimates, too (e.g., Huber 1981). The estimatox5SEcgshould be used very carefully
especially in geodetic applications where numbeshservations is not very high. It is due to
properties of the Hodges-Lehmann estimators. Itlmmproved that in a very small sample.
i.e., whenn <5, that estimate is not robust for outliers (Beeuw and Verboven 2002).

2.2. Adaptation for geodetic pur poses

Both presented estimators can be useful in somdegieoelaborations (Duchnowski 2008).

However, there are some limitations of their agilans. The main limitation concerns

assumptions of the method, i. e., that all samefgenents are identically distributed. If that

assumption is taken strictly then geodetic appbeet of R-estimation is limited to the case
when only one quantity is measured and it is meakseveral times with the same accuracy.
As for the second problem, it can be easy overcdmenly measurement results are

standardized or if one applies other rank testtovadh 2003). The way how to deal with the

first limitation is presented in the paper (Duchis&in2008) and it is now shown briefly.

Let x OR™ be an observation vector. Generally, that veamisists of realizations, %, ...,
xn Of different random variables, which makes R-eators (4) and (5) unable to use. Let us
consider the classical functional model of a geiodettwork in the form

v=x-AX (6)

mx1

where: A R™™ is a know, rectangular matrix [0R™" is a vector of unknown parameters

and vOR™ is a residual vector. LeX be a “true” or at least initial value of parameXeand
let it be known. Then one can write

V=x-AX 7)

and compute a new sample= [\71\72\7”]T (the natification is simplified for the sake of
clarity; formally it is V =[V],) . Because all residuals (the vectorv) can be regarded as
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identically distributed (assuming the same accuracsesidual standardization) then al¢o

(the vectorv) can be (e.g., Dione 1981). It means thratan be apply in the estimates (4)
and (5). Since the true value of the parametrid¢oreX stays unknown it is very important to

find a “good” initial valuex . For example, it can be computed on the basisedHsurement
resultsx;, X, ..., % Or can be taken from the previous measurementsljoistments. The
second way seems especially useful in deformatiordigplacement elaborations where

current results are compared with the previousjrobiones. Despite>~( is usually only an
assessment oK and the assumption about identicalness of digtdbs of the vectorv

elements is not satisfied strictly, practically qmred X should be good enough to neglect
such nonconformity.

3. Particular Applicationsin Leveling Networks

Generally, R-estimation applications in levelingwerks are the same like in other kinds of
geodetic observational systems. R-estimates cappked to, e.g., elimination of systematic

errors or gross errors from observation sets. Théhod can be also used during classical
least squares adjustment (LS method) for exampteanR-LS method (Duchnowski 2008).

This paper proposes applications of R-estimatideweling networks created for deformation

or displacement detection.

The first application is the most natural one andcerns vertical displacement estimation.
Consider a leveling network created for such disgri@ent detection. Such network should be
measured at least two times resulting in two olzg@m vectors; andx,. Basing on assumed
functional model Eq. (6) one can write

vV, =X, -AX, (8)
and

V, =X, -AX, 9)
for each epoch, respectively. Usually, heights loé thetwork points are assumed as
parameters in such functional models. Thus ve&torand X, consist of heights of the same
points but in different epochs. Let us now consideingle eIemenE)(z]k of the vectorX,

that corresponds with the eleme{ml]k. Then a differenc{axz]k— [Xl]k can be regarded as a
vertical displacement of the respective networknpotrhe formula (5) can be applied to
estimate such difference. Since the first measunésnare control ones, the estimatﬁg

(obtained using for example the LS method) candganded as a good initial vall)ﬁé2 for

the second measurement set. Thus a sampléor the vectorv,, can be easily created
(according to Eq. (7)). One can now consider atéitron of the sample to only such elements
that correspond with measurements concerning thenpser [Xz]k. Such sample can be

denoted asV =[U*¥¥,...7] (I is a number of observations concernif¥y,], ). Without
losing generality, one can assume that elements of the vectas that were the basis for the
computation of V§ are direct measurements of #th point height. ThusE([xz]j): E([Xz]k)

(wherel< j <I). Since additionallyfX,], = [X,], then
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EY[x.l-[x.)) = B[] [%.J) = E°@9
can be regarded as an R-estimator of the vertisglatement of the respective network
point. The valueléR(Vk ¢an be computed applying the formula (5)

"7 = med 2 (7):+[7)| (10)

In theory, such displacement estimator has all gmigs of R-estimators for example it is
robust for outliers (as it was mentioned in thevjires section the estimator is robust #5)

The presented way of estimation is a good solufioeference marks are stable (or if only a
few marks are not, taking into account robustnéskedmethod). All reference marks cannot
be guaranteed to be stable before such stabilitpmérolled, i.e., before pointing out stable
reference framework (what is the main task of mamg process). Thus, the estimator Eq.
(10) is not a good solution for stability monitagiproblem. In such problem, it is also better

to compare “raw” observation sets from two epodtstto use estimatorfi1 from the first

one (if X # )21 then one can avoid “bad” influences of observatitmt do not concern a

particular reference mark). For such reasons,edtanator Eq. (4) seems to be the best
application of R-estimation in a stability monitagi process. Thus one should create two

samplesVy and V& for all particular reference marks and for eachabp respectively. The
initial values[f(]k can be computed on the base of the first observatt taking into account

only observations that correspond to the elementg oThe shiftA, between the mentioned

samples, which can be regarded as a vertical displant of the reference mark, can be
estimated applying the formula Eq. (4) writtenhe tmore convenient, following form

1 = med [v4] - [%],) (11)

where 1<i<l|,1<j<l|. Such computed shifts can be a basis for poinboy stabile

reference framework. Reference marks can be redasistabile if respective estimated shift
is inside of the interval assumed for random errors

4. Numerical Examples

4.1. Example 1
Let us consider a leveling network that consistdhoée reference marks A, B, C where
H, =1.000[m],H; =2.000[m], H. =3.000[m] and one unknown point 1 (it can be also

regarded as a part of a bigger leveling networle). three height differences (between each
reference mark and the unknown point) be measurdded the measurement be carried out
two times in two different epochs. Let

X =[2.9990 19997 1.0013,,
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be a vector of the first measurement results (ginsulated under assumption that standard
deviation of measuremermt = 0.001[m] and results are normally distributed). Thus it ban

computedH “° = 4,000 [m]. Let now

x; =[3.0140 20155 1.015a[m]

be results of the second measurements (it is asbtina¢ the vertical displacement of the
point 1 is equal to 0.015r; still o =0.001m]). The mentioned vertical displacement can

be estimated applying Eqg.(10) and one can obtained

ER([X,]~[X,],) = ER@) = 0.0149[n]
The value presented here is very close to theange0.0151n]. The displacement can be of
course estimated applying the classical LS methdtien it can be calculated

AI—A|1LS =0.0151]m] which is also a good assessment of the true displant (the difference
between those two estimates cannot be big sinceatmgle is very small and the observation

sets are free of outliers (Rouseeuw and Verbové2;2Duchnowski 2008)).
Let now the first observation in the vectar be disturbed with a gross errgy = 002[m].
Then x; =[3.0340 20155 1.015§,, and the presented displacement estimators can be

computed asER(VY) =0.0248[m Jand AH'S=00218[m], i.e., they both failed (the R-

estimator failed because the sample is too srhall3( < 5); the LS estimator since that kind
of estimates are not robust for outliers in genekddbwever there is another way to estimate
the displacement. One can consider the “raw” setmdx, and apply the R-estimator from

Eq. (11). ThenAFf =0.0165[m] which is much better assessment of the displace(oae can
mention that for the original, not disturbed, olvs¢ion setx, it is AT =0.0150[m]). What is
more, if g, = 010[m] then it is still A% =0.0165[m] (in contrast, EX(V*) = 0.0648[m ]and
AH S =0.0484[m)).

4.1. Example 2

Let us consider a leveling network establisheddietection of vertical displacements. Let the
network contains of four reference marks and lkbifity of those marks be controlled. Let all
height differences between the reference marksdsenaed as normally distributed with
0 =0.001m] and let they be measured twice. If the first ahe fourth reference marks

moved vertically and the displacement values aresurasd as J, =0.029m] and
J, =—0.009m] respectively, then two measurement results casirbelated as follows
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[ 0.9984 ] [0.9742] (-1 1 0 O]

1.9994 1.9716 -1 0 0 1

0.9983 0.9742 -1 0 10

X = y X, = ' and A =

-0.0001 0.0008 0 1 -10

1.0002 0.9959 0 -1 01
| 0.9999 |, | 0.9965| , | 0O 0 -1 1]

To find out the stabile reference framework one ehminate those reference marks which
moved vertically. Such movements (displacements)beaestimated with the R-estimator Eq.

(11) (the vectors Vf and V& (for k=1 2,...,4) can be created taking initial valu{-i]k
computed, for example, on the basis of the firsteobation set). Thus it can be computed that

N 0.0251
ro| & || 00010

A} | |-0.0008

A | |-00043],

The obtained values of displacements are closhe@mssumed ones (as for the first and the
fourth points). Taking into consideration the a@ay of the measurement & 0.001[m])
those two points cannot be regarded as stabithotld be pointed out that also that time the
R-estimator (11) shows its robustness (since twaorl points are assumed to be displaced
vertically some results can be regarded as outliers

The example presented above is rather simple butugtrates the general idea of R-
estimation application to monitoring of referencarknstability itself. The method is intended
to be improved by the author.

5. Conclusions

R-estimation can be a useful statistical tool irmeogeodetic problems. It can be an
alternative for classical approach to geodetic ntad®n elaboration (e. g., for the LS

method). Presented R-estimators Eq. (10) and Eq.Chh be successfully applied to

displacement detection herein leveling networksfadkghe robustness for outliers the second
estimate seems to be more useful (the first oneatsmbe if only the observation number is
high enough).
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