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SUMMARY

This paper reports on research that applies conformal geometric algebrat(@Gi)

objects and operations along with simptent-point distance checks to build a computational
model for performing topologicaklationshipanalyss betweenwo 3-D legal boundary
componentsThe 3D legal boundary components modelseé boundary points with

euclidean [x, y, z] coordinates, straight boundary lines defined by a start and end point, and
flat boundary planes closed and bound by at least threeliadsboundary component is
supplemented with a CGA projected object representation.

The topological relationships that this research identifies are if tivxdo8undary components
touch,overlap(intersecy, or aredisjoint from each otheRelationships b&teen boundary
componenpairsare initially sorted into 1 of 18ategoresusing the concepts of projected
CGA objectrepresentationlseing parallel, collinear, coplanar intersecting at a point or
line. CGA objectintersectios are generated amterpretedto determine which category of
relationship is occurringlhis reduceshe complexity of the remaining problem in many
cases to calculating variousdBpointpoint distance checks and applying condititmthem

In theory, the model can identify and classify 53 topological relationships that exist between 3
D legal boundary components being modelled in the context of a digitala@lastreFifteen
classifications describe disjoint relationshiphile 38 classifiationsdescribe various touch

and overlap relationships thatoducecommon point, line, or plane geometri€ke modeivas
implemented and testedjainstsimulated datasetnsistingof variousboundarypoint, line,

and planecomponent pairsvhere hetopological classifications betweammulatedboundary
componerg were known beforetesting. Theresults support that thenodel can correctly
identify thesample otopological relationshippresentedor the datasets used
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1. INTRODUCTION

The paper reports on research that applies conformal geometric algebra {{@&®#A) objects

and operations along with simple distance checks to build a computational model for
performing topologicalelationshipanalysis between-B legal boundary components. The
literature suggests that the theory and methodology have not yet been applied toltigécadp
classification of 3D boundaries in the way we apply it here. In theory, the model can identify
and classify 53 topological relationships that exist betweBnl&yal boundary components
being modelled in the context of a digitaD3cadastre.

1.1 Problem Context

As urban centers continue to grow and develop, there is an increasing need for institutions to
be able to digitally model and perform legal boundary analysis@ig&ospatial data. There is

an increased need for mapping and managing @ripbal structures that exist above and
below the ground such as buildings, underground facilities, and utilitiesany jurisdictions,

3-D property can be registered to a title with a supplementary condominium or strata
subdivision survey plan. Cadadtiboundaries are recorded and registered as 2D drawings,
vertical profiles, and-B isometric drawings. An example layout describing this can beigseen
Figure 1.Boundary analysis can be performed by visual inspection and calculation of the survey
plan dawings, but this often requires professional expertise sutttabefa land surveyorn

more complex layouts, investigating these plaecomes more difficult and can be time
consuming.

Figure 1: Common Strata Schem@rgatal byBarry, M. 2015)
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1.2 Objectives

This research designed and tested a data model that can be used to perform topological boundary
analysis between-B cadastral boundary components. Formathematicaprocesses using

CGA data types andperations as well as D pointpoint distance checkare proposed
implementedand tested with the objective of classifying topological relationships that exist
between 3 cadastral object boundary components. The main objeeteesas follows:

- Define 3-D data structures that are commonly used to repredemr8perty boundaries

- ldentify topological relationships that can exist betwdnse3-D boundaries

- Propose theoreticabmputationaprocedureshatuse CGA object representations and
operatios, along with variougointpoint distance checks tdentify and classify
topological relationships existingetween & legal boundary components

- Test proposed computational proceduagsinstsimulated datasethat have known
topologicalrelationshipclassificationgo show the extent that thegnwork under

1.3 Conformal Geometric Algebra Background

Conformal Geometric Algebra is a mathematical tool that can be used to model objects that
exist in 3D Euclidean spaceRf) such as points, lines, and pés using concepts such as the
outer product, geometric product, and vector subsg@aest, 2007, p. 10)t has been proven

to be useful for many applications in engineering and computer science. This research uses
CGA objectsand intersection operatisto assist in classifying the topological relationship and
identifying any common geometries that exist between tilbk®undary componentseing
modelled in the context of al3 cadastreDetails of CGA are discussedsection2.2

1.4 Scope and Applicaton

This is the first part of a research project that tested and classified boundary relationships
between a subset of varioudD3legal spaces that could be defined and registered by a strata
survey plan. It tests the application of existing CGA theotlieégproblem context of classifying
relationshipsandidentifying common geometries betweg+D cadastral boundaries.

The experimental workereis limited to classifying relationships betweeiD3oints, lines,

and planes (i.e.-B boundary components) only. We do not cover relationships between
volumetric spaces. The discussion is limited to proposing and testing theoretical processes that
can ke used to classify relationships betwemtividual 3-D boundary components which may
define the boundary of al3 volumetric strata spad€igure 1).Results presentdd section 4

show that relationships that can be classified between-point, linepoint, lineline, plane

point, planeline, and planglane boundary component pais. sample of relationshg
between two @D boundary planewith geometriess shown inFigure 2below.
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Figure 2: Sample of Topologicallassifications Between Boundary Planes

2. Theory

Theory is presented in three sections. The first section presents existing theory related to
topology frameworks that can be used to define and organize the relationships between objects
in 3-D GIS. The secahsection covers mathematical theory related to the implementation of
the CGA model. Main concepts and equations related to CGA space and objects of interest are
presented here. The third section provides an overview of research that uses CGA theory to
model and perform topological analysis ofD3adastral objects.

2.1 3-D Topology Frameworks and Characteristics

Ellel (2006) reviewedeveral research articles to identify a general list of common requirements
for topology in 3D GIS applicationsCore standal analysis requirements for[3 object
relationshipswere groupednto terms of object adjacency, intersection, containment, and
disconnectednesEllel (2006) nogésthat while topology frameworks need to be able to examine
relationships betweenB objeds, to be comprehensive they also need to examine topological
relationships between lower dimensionad01-D, and 2D) components that might be part of

a 3D object (i.e. points, lines, and planes). It is important that each topological element should
have some form of geometrical representation so that anafyssults can be visuaéd.

2.1.1 The Dimensional Model Framework

The dimensional modd€DM) is a topology framework introduced to provide insight on the
spatial relationships that can exist between objects. The model is presented using the concepts
of dimensional elemen@nddimensional relationship®Billen, 2002).Dimensional elements

are or@nized as extensions and limits of dimensionally ordered boundary elefignte. 3

shows common spatial elements that can existhBuclideanR® as a composition of their
extension and boundary limit elemerigtensions are bolded while boundariesitis) are not.
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Figure 3: Dimensional Elements as Extensions and Limf®dified from (Billen, 2002)



The DM classifies the relationship between twb 8bjects by combining the relationships that
exist between thdimensional elements (0D, 1D, 2D, 3D) of both objects. It is suggested that
elements and relationships could be computed using collinearity and coplanarity algorithms.

2.1.2 Approaches to Topological Relationship Definition

Fu (2018)organized topology étween 3D spatial objects using disjoint, touch, overlap,
contain, or equal relationshigseeFigure 4) This paper consideverlap, contain, and equal

relationships ashe same type and can be differentiated using teeirngeometies
Disjoint | Touch Overlap | Contain Equal

S5gele

Figure 4: Classes of Topological Relationships (Derived fromZai8)

Fu (2018)identified 30 types of disjoint and 30 types of touch relationships that can
theoreticallyexist between -P cadastral objects using the concepts of coltirea coplanar

lines and planes. For example, in the physical world a building may contain several strata units
that share the same wall. In this scenario, these boundary planes between units should be
coplanar.The majority, however,will not share a bouwtary. This research follows aimilar
approachn thatrelationshipsetween objectare organizedsingcollinearity and coplanarity.

2.2 Geometric Algebra and the Conformal Model

Geometric algebra combines the inner product and outer product to creggertiegric product
(seeEquations 1, 2, & 3)The inner product can be applied to vectors to calculate metric
information such as distances or angles (i.e. scalar values). The outer product can be used to
span two vectors to create higher dimensional objects such as projected lines and projected
planes(seeFigure 6) The geometric product can be used to apply orthogonal transformations
and rotations on objects. Its product produces a multivector that represents the symmetric and
antisymmetric components between 2 vectoss,and b (Dorst, 2007, p. 143

Inner Product: +ot - +4 4+ (1]

Outer Product: +z4 - F4 4+ [2]
Geometric Product: +4 +of Fz4 [3]

Multivectors consist of blade parameters tHédlenbrand (2015) definess the basic algebraic
element of GADorst (2007, p. 44) defindsem as kolades that can be usedrépresent ak
dimensional homogeneous subspace inchiovespace model. The value k is referred to as the
grade of the {blade and represents the dimensionality of tiekle subspace. The maximum
value for k is the dimension of the vector space being worked in.



Vector Subspace Blade Parameters of CGA (R4,1)
Scalar (0-blades) |Vector (1-blades) |Bivector (2-blades) |Trivector (3-blades) |Quadvector (4-blades) |Pseudoscalar (5-blade)
1 no no’el notelhe2 noftelfe2re3 notelfre2”re3Mni
el note2 notel”e3 nofelfe2”ni
e2 no”e3 no’el”ni notelfre3fni
e3 no”ni note2’e3 note2fe3Mni
ni elhe2 nofe2”ni elhe2re3Ani
elfe3 no’e3”ni
elrni elre2he3
e2”e3 elre2”ni
e2ni elfe3Mnj
e3”ni e2”re3Ani

Figure5: 32 Subspace Blade Parameters of CGA R4,1

The conformal model of geometric algeleabeds @D Euclidean (x, y, z) spade?® into an
orthogonal5-D conformal vector space (no, el, e2, e3, ni) usmB% metric. Note that the

two added orthogonal dimensions are the point at the origin (no) and the point at infinity (ni)
(Dorst, 2007, p. 9)The 32 subspace blades of this model can be sdegure 5.

A variety of geometric objects can be represented usliigde multivectorsYu (2016) makes
a distinction between CGA objects as being rounds, flats, Euclidean blades, free blades, and
tangent blades. Rounds can have finite length, area, omeoWhile flats include an (ni)

component and can stretch outwards to infini
objects6é for the rest of this paper. The CG.
well as projected lines and projed planegseeFigure 6).
Null Vector (Point) Projected Line Projected Plane
[P1="no + P1 + 0.5%|P1|*|P1|*ni| PL1 = P1/P2~P3"ni
A
. < > [el"e;‘neos"ni,
- el”~e3”no”ni,
_ . 3-Blades: e2”e3”~no”™ni,
[e1 :IézBI:ge:(.) nil [el"no"ni,el":of:i, e3”~no”ni, : el”e2”e3”ni]
T el”~e2/ni, el”~e3”ni, el™e2~ni] Y

Figure 6:CGA Objects of Interest (with Blade Parameters)

Null Vector (Point): I ¢ 0 -9s:z¢ [4]
A& oo @ ¢Q -dsze

Equation 4 caibe used to embed alBpoint (P =[x, Y, z]) oR? into the 5D conformal space
R*!as a null vector having 5llade vector parameters.

Projected Line: 4 |z z¢ [5]

Equation 5 cae used to generate a projected linthat connects 2 null vector points. Using
the outer product of these points with the point at infinity allows this line to continue through
the space in both directions indefinitelildenbrand (2015¢onceptuallyexplains these lines

as circles with an infinite radius. There are sikl&de parameters that are used to represent a



projected linel in R*. Knowing these parameters allows CGA intersections to be interpreted
into the correct geometry type section 3.2.

Projected Plane: 4 |z z| ze [6]

Like Equation 5Equation 6 usethe outer product to geneea projected plarfeL that divides

space into 2 half spaces. The plane can be defined by any 3 null vector points that lie on its
surface and represents the projection of a
explanation for projectedrles, projected planes can be conceptualized as spheres with an

infinite radius. There are fourldlade parameters that can be used to represent a projected plane
PL in R* These allow for intersections involving projected planes toef®rmed.

Line & Point Digance Dip=¢ ¢ 1 40| [7]

Dualization: M*=M" It (Dorst, 2007, p. 80) [8]

Intersect/Meet: Meet(A, B)= (B  I.1) " A  (Dorst, 2007, p. 131) [9]
A =B*"A

The last few equations in this section can be used to derive topological information between
CGA objects. Equation 7 igsed to calculate the distarider between grojected linel and
anull vectorpointP. The norm of a multivectas defined as the magnitude of ithde scalar
componentsEquations 8 and 9 usiee left contractiorf”) which is a generalization of the inner
product for multivectors. The dudM* of a multivectorM (Equation 8)can be thought of as
the orthogonal@mponent of a multivector with respect to the space it resid&orst, 2007).
This concept is used to generate planefiomt distances isection3.2 Equation 9s used as

a general intersection operation between multivedocasdB. The meet operamn is applied

to projected CGA boundary component representatiossdtion3.2to initially categorize the
type of relationship that is occurring between-R Boundary components by interpreting the
return geometry type that the meet produces.

2.3Modelling Geometry and Topology using Conformal Geometric Algebra

2.3.1 Implementations using the CAUSTA Environment

There have been multiple studies in recent years that use CGA to model and perform analysis
on cadastral objecissing the CAUSTA geometric algebra environment introdume Yuan

(2010) Yuan (2011)created a B GIS spatial data modeh CAUSTA that was usedo
represent volumetric objects and their boundaries in CGA space. They show how distances and
angles betwee objects can be derived and howD3opological analysis is performed on
individual volumetric objects by tarsecting its planes and lines to analyze structtwan

(2012) then shows how multidimensional objects can be organized in the same spaGAwith C

Yu (2016) created a framewottx compute geometry oriented topological relations between 3

D objects being rendered using this model. They used the concepts of an object being inside,
on, or outside another object to create a general topology opdoatatetermining 8
relationships between multidimensional round and flat objects. Results were presented between
sets of disjoint D objects in the CAUSTA environmerZhang, J. (2016) proposed3D



cadastral data model based on CGA. In this modetDaparcel is stored as a multivector
consisting of a summation of its points, lines and planes. Boundary lines and planes are
represented as a combination of the objects projected (flat) component and the set of lines/points
that define its boundary.

2.3.2 Rule Based Relationship Classification

Zhang, F. (2016) usdtie intersection (meet) results of CGA projected lines and planes along
with various other CGA operation checks to create specific judgement rules for testing if 2 3

D boundary components intecser not. The boundary objects considered webe Bints,

straight line segments, and closed polygons.

Six sets of judgement rules were determined for the ypaimit, line point, polygonrpoint, line

line, polygonline, and polygospolygon boundary obg pairs. By first performing
intersections between CGA projected objects, the complexity of-ieBject intersection
problem was reduced to several smaller problems. These problems were approached differently
based on the return geometry type of thigquted CGA intersections. Their model was able to
distinguish between 22 different types of intersections between coplanar boundary components.

This research uses methods proposedimgng, F. (2016) t@ategorize and sort boundary
component pair relatiships into several smaller problem growgsch will all be approached
differently. Figure 9 present€GA objectgeometries that can exist for the intersection result
between point, projected line, and projected plane boundary component pais spage.

3. Methods

The methodology is presented in faections. Section 3.1 defines the geometric data structures
for the 3D strata boundary components considered. Point set topology is presented here for
each 3D boundary component with respect to the dimensional model (see s2@ti)nThe
processes that were followed to generate and st@eb8undary componentsitiv their
projected CGA counterparts using point set operations are presented here as well. Section 3.2
categorizes different types of relationships that can exist betw&ebdindary component

types using the concepts of projected CGA components beiatighacollinear, coplanar, or
intersecting. CGA intersections are generated between projected boundary component pairs.
Return geometry types are interpreted to identify which CGA scenario is occurring. Using these
return geometry interpretations, mormfimed relationships are derived by determining the
extent that the point set representations of each object overlap the projected CGA object
intersection geometry. Section 3.3 presetims computational testing processes that are
followed to classify thetopological relationship type and to collect the return geometries
between two boundary components if any exists. Processes for theqaintine-point, line

line, planepoint, plandine, and planglane boundary component pairs are derived.

3.1 3D Strata Boundary Component Definitions

The 3D legal boundary components modelled in this péggure 7 are boundary poin{8P)
with Euclidean [x, y, z] coordinates, straight boundary lifi&ls) defined by a start and end



point, and flat boundary plan€8PL) closed and bound by at least three lines. Eatindary
component type is defined with respect to their point set topology having extensions and limits.
Lines and planes have an additional projected CGA representaigume 6)that is usedn
section 3.2o initially sorttopological relationshipinto different categories

3D Boundary| 3D Boundary |3D Boundary
Point (BP) Line (BL) Plane (BPL)
BP =[X, Y, Z] BL = [Ls, Le] BPL = [L1,.., Ln]

Figure 7: 3-D Boundary Component Object Types

3.1.1 CadastraBoundaryComponent Point Sets

Most boundary points in aB survey plan are often defined relative to goverrbingndary
markersnearby that localize the survey site into a coordinate network. Therefore, when
generating digital versions of[3 boundaries, point location estimates neethe calculated
using metric information that is included in the survey plan drawings. Reféorsggtior2.2.1
andFigure 3 boundary points have a 0D extension with no limits.

The information available for straight boundary lines in a survey plarthaie drawing
representations and the included angles and distances between points. Therefore, once
estimated coordinates have been calculated for vertex points, boundacatibesepresented

by the coordinates of the start and end points that bdwerd.tEach boundary line has a 1D
extension with two OD boundary limit points. Each boundary line is situated on a projected
CGA line that has a 1D extension through space.

Boundary planes are defined by a set of coplanar, straight lines that start artdhendame

point. There must be at least 3 lines defining a plane and they must follow each other. Boundary
planes do not have to be convex (i.e. interior angles between lines can be more than 180
degrees). Every boundary plane has a 2D extension witin&Dimits and 0D point limits.

Eachis situated on a projected CGA plane that has a 2D extension through space.

3.1.2 Generating Digital Boundary Objects

The following processewereused to generate digital representations for tfe [®undary
compments definechbove These processes were followed to create the simulated datasets
presented in the experimentation section of this study. They can be explained in three steps.
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Figure 8: Digital 3-D Boundary Componeibject Creation Process Flow

The first step is to calculate the locations of alD doundary points defining a volumetric
object registered by a strata survey plan. This can be done through(piedtcalculations
usingknown control point locationsiecorded distances, and recorded bearing measurements
and is common practice in surveying operations.

The second step is to defineD3boundary line point set topology order by identifying all
boundary plane surfaces that bound and close the volumejeict.obhis order enforces the
concept of clockwise rotation when looking at the plane from inside the object. This will result
in a list of lines that are bounded and closed by a topologically ordered start and end point, as
well as a set of planes thatdyounded and closed by a series of lines.

The third step convestall 3-D Euclidean boundary points into their respective 5D CGA
representati o sadmdc@andddingata idayandzeabrdibater o u g h
values usingEquation 4. This conversion process was implemented in MATLAB. CGA
representations for projected linean then bereated by using boundary line start and end
points andequation 5. CGArepresentations for projected plames then bereated by using

any 3 topologically ordered boundary points defining each plandcgudtion 6.

All CGA operations were performed using an open source geometric algebra program
GAViewer (Dorst, 2007. 3-D boundary components were storedEXCEL tables using point

set ordes. These point sets fboundary component pairs were loaded into MATLAB, where
projected CGA object creation operatiortsq@ations 46) and CGA object intersections
(Equations 79) were written to a file. Thiile was loaded into GAViewer for implemenita.

Results were exported as a text file and loaded back into MATLAB to update the blade
parameters for each boundary component and to store intersection results between CGA
objecs. Final interpretations were performed using code the first author varMATLAB .

3.2 Topological Relationship Classification Processes

Thetopological relationships that this research identifies are if tlob®undary components
OTouOvedapl nbt er sect 6, or ar e d&iGured)jLikathepprodchr o m e 3
of Zhang, F. (2016), relationships between boundary components are initially categorized using

the concepts of projected CGA objects being parallel, collinear, or coplandfigsee9).

Caegory 1 (Disjoint or equal pointsy determined througla 3-D Euclidean poinpoint

distance checkCategories A5 are determined by interpreting projected CGA boundary
component intersections. Each example represents a disjoint relgtifungrach categoryrhe
abbreviations BP, BL, and BPL are explained in Figure 7 above.



BP-BP BL-BP BL-BP BL-BL BL-BL
1 2 - I3 4o j S— .

Not Collinear Collinear Not Parallel Parallel
(Disjoint) (Disjoint) (Disjoint) (Disjoint) (Disjoint)
BL-BL BL-BL BPL-BP | BPL-BP | BPL-BL

7> 8 e
§o—o---o—o-~ \.)\/' ; / 10,

----- ‘o
Collinear Coplanar Parallel Coplanar Parallel
(Disjoint) (Disjoint) (Disjoint) (Disjoint) (Disjoint)
BPL-BL | BPL-BL | BPL-BPL | BPL-BPL | BPL-BPL
11 . |12 13 14 15 4"

FO—xz gl g

Point Intersect Coplanar Parallel Coplanar Line Intersect
(Disjoint) (Disjoint) (Disjoint) (Disjoint) (Disjoint)

Figure 9: 3-D Boundary Component Relationship Categories (Disjoint Examples)

CGA intersection operators are used to determine which cgte§oglationship is occurring.
The intersections between the dimensional elements of each boundary component were
generated in GAViewer for each boundary component pair and exported as a text file. These
intersections were loaded into MATLAB and categedidy what type of CGA object they

producedTablel showshow CGA object intersectiongereinterpreted
Tablel: CGA Object Intersections, Return Geometries, and Relationship Categories

CGA Object Intersections and Return Geometries
Cor:;:::::‘;air CGA‘::::':::“D“ Not Parallel Parallel Collinear Coplanar Inte;:?:ttlcn Inte:’:::tlon
Line-Point Equation 7 N/A Scalar (+) Scalar (0) N/A N/A N/A
Plane-Point Equation 9 N/A Scalar (+/-) N/A Point N/A N/A
Line-Line Equation 9 Free Scalar Free Vector Line Flat Point N/A N/A
Plane-Line Equation 9 N/A Free Vector N/A Line Flat Point N/A
Plane-Plane Equation 9 N/A Free Bivector N/A Plane N/A Line

The approach for this research was to first classify the topological relationship between lower
dimensional boundary component pairs that exist between two boundary object@puint
line-point, and lineline). Thesewere then combined with additionahecks to help derive
relationships between higher dimensional pairs (pf@ist, planeline, and planglane).

Figures10-15 describe thenathematicaprocesses that were followed to classify relationships
between 3D boundarycomponentairs. 3D boundary components were storedEIMCEL

tables using point set orders. These point sets for boundary component pairs were loaded into
MATLAB, where projected CGA object creation operat(Equations4-6) and CGA object
intersectionoperatorg Equations7-9) were written to a file. This was loaded into GAViewer

for implementation. Results were exported as a text file and loaded back into MATLAB to
update the blade parameters for each boundary component and to siaterseetios. Final
interpretations of CGA intersections and distance checks were done in MATLAB



[1] Calculate the point-point distance between 3-D boundary points BP; = [Xy, V1, Z1] and BP2 = [X2, ¥2, Z2] using:|
BP1YBP2=./(, —x)2 + (¥, —y1)2 + (2, — 21)2|

[2-a] If BP12BP2 = (0) > Equal points - 0D-0D PT
[2-b] If BP12>BP2 = (1) > Disjoint

Figure 10: BP-BP Topological Relationship Classification Processes

|[1] Calculate the line-point distance between BL’s projected line L. and BP’s null vector point P using: D, _p=norm(L- P)\

[2-a]1fD;_p = (+) > Paralle]] > Disjoint
[2-b]If D;_p = (0) > Collineay
- Calculate point-point distances: [Ls—>Le, Ls2>P, Le>P]
If (Ls2>P || Le2>P)=0 = 0D-0D PT
If (Ls=>P & Le=2>P) < Ls=>Le - 1D-0D PT

Figure 11: BL-BP Topological Relationshi@lassification Processes

Figures 10 and 11 show processes to determine the relationship betwee th@muBdary

points (BRBP) and between a boundary line and boundary pointBB), respectively. This

follows the same approach akang, F. (2016but uss 3-D Euclidean point checks instead of

CGA null vector point intersections for the final relationship classificattcshould be noted

that inFigure 12 there are multipeo mponent pair conf i gluD altTiéns
classification betwee@ collinear lines. These configurations represent varying amounts of
overlap between lines but are treated as the same relationship for thidrpéytare research,

these could be further interpreted to derive nu@iiled overlapelationships.



|[1] Calculate the meet intersection between projected lines Ly and Ly using:  Meet(L1, L) = (L2 1LY | L1|

[2-a] If Meet(Ly, Ly) = Free Scalar > Not Parallel | - Disjoint
[2-b] If Meet(Ly, Ly) = Free Vector = Parallel | —> Disjoint
|[2-c] If Meet(L1, L) = Projected Line (+) = Collinear (Common Orientation]‘

- Calculate point-point distances: [L1s—2>L1e, L1s—>L2s, L1s>L2e, Lle>L2s, Lle>L2e, L2s>12¢e]

If (L1s—>L2e = Largest) || (L1e—>L2s = Largest) - Disjoint

If (L1s>L2e = 0) || (L1e>L2s = 0) - 0D-0D PT
If (L1s—>L2e = Largest) & (L1s>L2s < L1s2>L1le) - ID-IDLT
If (L1e>L2s = Largest) & (L1s=>L2s < L2s2>L2e) = ID-IDLT
If (L1s=2L2s = 0) & [(L1s>L2e & L2s—>L2e) = Largest || (L1e2>L2s & L1s>L1e) = Largest] = 1D-1DLT
If (Lle2>L2e =0) & [(L1le2>L2s & L2s>L2e) = Largest || (L1s—=>L2e & L1s2>L1le) = Largest] 2 |ID-IDLT
If (L1s—>L1e = Largest) || (L2s—>L2e = Largest) = ID-IDLT
If (L1s>L2s = 0) & (L1le->L2e = 0) > ID-IDLT

|[2-d] If Meet(L1, L) = Projected Line (-) = Collinear (Reverse Orientation]|
- Calculate point-point distances: [L1s—>L1e, L1s—>L2s, L1s—>L2e, Lle>L2s, Lle>L2e, L2s>1L2e]

If (L1s—=2L2s = Largest) & (L1s2>L2e > L1s2L1e) —> Disjoint

If (L1e>L2e = Largest) & (L1s2L2e > L2s2>L2e) - Disjoint

If (L1s2L2s=0) || (L1e2>L2e=0) - 0D-0D PT
If (L1s=2L2s = Largest) & (L1e=>L2s < L2s2>L2e) = ID-IDLT
If (L1e2>L2e = Largest) & (L1s2L2s < L2s—>L2e) - 1D-1DLT
If (L1s=2L2e = 0) & [(L1s2L2s & L2s>L2e) = Largest || (L1e2>L2e & L1s>L1e) = Largest] 2 1D-1DLT
If (L1e2L2s =0) & [(L1e>L2e & L2s2>L2e) = Largest || (L1s2L2s & L1s—>L1e) = Largest] 2 1D-IDLT
If (L1s>L1e = Largest) || (L2s>L2e = Largest) = 1D-IDLT
If (L1s2L2e=0) & (L1e2>L2s=10) - 1D-IDLT

|[2-e] If Meet(L1, L) = Flat Intersection Point (IP) > Coplanad
= Calculate collinear line-point relationships for:
Set; = [L1s=>L1le, L1s2>IP, Lle—>IP], Set; = [L2s=>L2e, L2s>IP, L2e>IP]

If (Set; relationship = Disjoint) || (Sets relationship = Disjoint) - Disjoint

If (Set; relationship = 0D-0D PT) & (Setz relationship = 0D-0D PT) = 0D-0D PT
If (Set; relationship = 0D-0D PT) & (Set; relationship = 1D-0D PT) - 0D-1D PT
If (Set; relationship = 1D-0D PT) & (Setz relationship = 0D-0D PT) - ID-0DPT
If (Set; relationship = 1D-0D PT) & (Set; relationship = 1D-0D PT) - ID-1D PI

Figure 12: BL-BL Topological Relationship Classification Processes

|[l] Check topological relationship classification results between BP and all lines defining BPL (BLl_n)|
If any result = 0D-0D PT = Carry relationship forwards and stop - 0D-0D PT
If any result = 1D-0D PT = Carry relationship forwards and stop - |D-0D PT

[2] If no result, calculate meet between BPL’s projected plane PL and BP’s null vector P using: Meet(PL, P) = (PL I I,)) | P|

3-a] If Meet(PL, P) = Scalar (+/-) 2 Parallel| - Disjoint
3-b] If Meet(PL, P) = Flat Intersection Point = Coplanar |
- Generate projected lines ProjLp3p1n between P and all points defining BPL (P1g) using: L=PAP, An;
- Perform line-line relationship classification for all ProjLp>p1.» against each line defining BPL (BL1.)
If any classification results between ProjLp>pn and BL1 4 is [ID-1D LT] or [1D-1D PI]
- Flag BPL boundary point BP,
- Flag any BPL boundary plane lines that use BP, as an end point
- Calculate distance between P and projected lines (L1.) that are not flagged using: Dprip =—[((L*) - (PL*))* & P]
Ifall Dprip=(+) > DiSjOil’lt
If all Dp]_,,]_,,p = (-] - 2D-0D PT

Figure 13: BPL-BP Topological Relationship Classification Processes




\[1] Calculate the meet between BPL’s projected plane PL and BL’s projected line L using: Meet(PL, L) = (PL | I,1) | L|

[2-a] If Meet(PL, L) = Free Vector = Parallel | - Disjoint
[2-b] If Meet(PL, L) = Projected Line > Coplanaﬂ
—> Collect topological relationship classification results between BL and all lines defining BPL (BL1.,)
If classification result has point geometry = Add point to list
If classification result has line geometry = Add start point and end point to list
- Add BLs point and BLe point to list and order points
- Remove duplicate points and calculate the distances between BL. and all other points in list
—> Sort points into sequential order using their increasing distances away from BLs
- Split BL into line segments LS1.m with start LSs and end LSe points using sorted points as line breaks
- Generate a mid point so that each LSy is defined by [LSs, LSmig, LSe]
- Perform plane-point relationship classifications BPL-LS;, BPL-LSya, and BPL-LS, between all LS1., and BPL

If BPL-LSyq = Disjoint = 1D line extension = Disjoint

If BPL-LSuia = |D-0D PT = 1D line extension = ID-1D1LT
If BPL-LSuia =2D-0D PT = 1D line extension = 2D-1D 1T
If (BPL-LS; || BPL-LS,) = 0D-0D PT — 0D point boundary = 0D-0D PT
If (BPL-LS; || BPL-LS,) = ID-0D PT - 0D point boundary = |D-0D PT
If (BPL-LS; || BPL-LS,) = 2D-0D PT - 0D point boundary = 2D-0D PT

‘[Z-C] If Meet(PL, L) = Flat Intersection Point = Coplanaﬁ
—> Calculate plane-point relationship classification BPL-IP between boundary plane BPL and intersection point IP
- Calculate line-point relationship classification BL-IP between boundary line BL and intersection point TP

If (BPL-IP = Disjoint) || (L-IP = Disjoint) - Disjoint

If (BPL-IP = 0D-0D PT) & (L-IP = 0D-0D PT) = 0D-0D PT
If (BPL-IP = 0D-0D PT) & (L-IP = 1D-0D PT) = 0D-1D PT
If (BPL-IP = |D-0D PT) & (L-IP = 0D-0D PT) = 1D-0D PT
If (BPL-IP = |D-0D PT) & (L-IP = LD-0D PT) = 1D-1D PT
If (BPL-IP = 2D-0D PT) & (L-IP = 0D-0D PT) = 2D-0D PT
If (BPL-IP = 2D-0D PT) & (L-IP = LD-0D PT) = 2D-1D PI

Figure 14: BPL-BL Topological Relationshi@lassification Processes

\[1] Calculate the meet between BPL; and BPL»’s projected planes, PL; and PL; using: Meet(PLy, PLa) = (PLa I I;-1) | PL1|

[2-a] If Meet(PLy, PL;) = Free Bivector - Parallel - Disjoint

[2-b] If Meet(PL;, PL;) = Projected Plane = Coplanad
= Collect all non-disjoint topological classification results between BPL; and all lines defining BPL3 and add to a list
- Collect all non-disjoint topological classification results between BPL; and all lines defining BPL; and add to a list
- Remove duplicate points and lines having the same geometry
- Combine line segments having common start or end points to make closed polygons if any exist

If closed polygon geometry exists = 2D-2DFT
If ID-1D LT exists = ID-IDLT
If 0D-0D PT exists = 0D-0D PT
If 0D-1D / 1D-0D exists = 0D-1D/ 1D-0D PT

‘[Z-C] If Meet(PL1, PL1) = Projected Line = Intersection Line\
- Collect all topological classification results between BPL, and all lines defining BPL and add points to list
= Collect all topological classification results between BPL; and all lines defining BPL; and add points to list
= Sort points into ordered list and create line segments LSy, where each is defined by [LS;, LSmid, LSe]
- Perform plane-point relationship classifications BPL1-LSs, BPL1-LSpiq. and BPL1-LS, between all LSy, and BPL;
— Perform plane-point relationship classifications BPL3-LSs, BPL3-L.Spia, and BPL;-LS, between all LSy, and BPL;

If (BPL 1-LSnyia = Disjoint) || (BPL 2-LSnyiq = Disjoint) = 1D line extension = Disjoint

If (BPL 1-LSyia = | D-0D PT) & (BPL 2-LSpig = |D-0D PT) = 1D line extension = ID-1D LT
If (BPL 1-LSpyig = LD-0D PT) & (BPL 2-LSpig = 2D-0D PT) = 1D line extension = 1D-2D LT
If (BPL 1-LSmia = 2D-0D PT) & (BPL 2-LSmia = 1D-0D PT) = 1D line extension = 2D-1D LT
If (BPL 1-LSpyig = 2D-0D PT) & (BPL 3-LSpig = 2D-0D PT) = 1D line extension = 2D-2D LI

If (BPL 1 LS, || BPL 1 LS, || BPL 2 LS, || BPL LS, ) = 0D-0D/1D-1D PT = 0D point boundary = 0D-0D/1D-1D PT
If (BPL 1-LS; || BPL 1-LS, || BPL »-LS, || BPL »-LS, ) = 1D-0D/0D-1D PT = 0D point boundary = 1D-0D/0D-1D PT
If (BPL 1-LS; || BPL 1-LS, || BPL 2 LS, || BPL »-LS, ) = 2D-0D/0D-2D PT - 0D point boundary = 2D-0D/0D-2D PT

Figure 15: BPL-BPL Topological Relationship Classification Processes




4. Results and Discussion

The 3D simulated datasets and topological classification testing results between boundary
components are limited to those between ppoint (BRBP), linepoint (BL-BP), lineline
(BL-BL), planepoint (BPL-BP), plandliine (BPL-BL), and planeplane (BPLBPL) boundary
component pairsDatasets were generated using point geometry and processes described in
section3.1.2 The topological relationship classifications and common return geometries
between each simulated component pair were kreopniori to tesing.

Datasets for all results were initially created by insertiig)[@int coordinates, line point sets,

and plane point sets into excel sheets. Additional multivector blade parameters for CGA null
vector points, projected lines, and projected planee Ween generated and added into these
tables usind=quations 46 and the processes described in section 3.1.2. Intersections between
the two objectsd CGA representations were
GAViewer. This intersection redulwas loaded into MATLAB where multivector blade
parameters were interpreted usifigble 1 to sort the current relationship into one of the 15
categories described Fgure 9. The additional steps followed to determine final relationship
classifications between individual boundary component pare implemented in MATLAB
andare described ifigures 1015.

Figure 16: Experimental Topological Relationship Classifications BetweBnBbundary Component Pairs

Figure 16 shows the touch and intersect results from different component pair datasets that were
simulatedin 38 different possible casesing the processes definadsection 3.1.2Each

square in Figure 16 has a case numbleese generated figures are to be used as visual aids to
present the simulated data inputs and output classifications.



